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We investigate the interaction of tightly focused light with the surface-plasmon-polariton reso- 
nances of metal nanospheres. In particular, we compute the scattering and absorption ratios as well 
as transmission and reflection coefficients. Inspired by our previous work in Ref. [f(, we discuss how 
well a metal nanoparticle approximates a point-like dipolar radiator. We find that a 100 nm silver 
nanosphere is very close to such an ideal oscillator. Our results have immediate implications for 
single nanoparticle spectroscopy and microscopy as well as plasmonics. 



INTRODUCTION 

The use of tightly focused light to investigate individ- 
ual nano-objects has received a renewed attention from 
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tal points of view 0, 0, |9|, III 
The driving idea is to improve light-matter interaction 
without the need for an optical cavity and to explore 
the detection limits of very small material bodies in free 
space. Promising results and applications have been re- 
ported for instance in ultra-sensitive label-free detection 
of biological samples 



nanoparticles (NPs) 



turn emitters 15, 16, 



spectroscopy of very small gold 



, and of single quan- 



We have recently shown that a point-like oscillating 
dipole strongly attenuates a tightly confined beam inci- 
dent on it [l|. In particular, we have found that a fo- 
cused plane wave can be reflected by up to 85%. These 
results are valid for a classical radiator as well as for a 
two-level system under weak excitation. Experiments to 
confirm these theoretical findings are difficult to perform 
on quantum emitters for several reasons. For example, 
in the solid state they should be cooled down to cryo- 
genic temperatures [13|, |14|, |15|, 03 [13, where high-NA 
optics is difficult to use. On the other hand, handling 
single atoms in vacuo is difficult because they must be 
trapped and kept in the focal spot [l7|. Here we show 
that one could think of replacing the quantum emitter 
with a mesoscopic system that has the properties of an 
oscillating dipole. 

Metal NPs have optical properties analogous to a dipo- 
lar oscillator. They exhibit distinct resonances even if 
their size is smaller than the incident wavelength because 
of the excitation of surface plasmon-polaritons In 
fact, we have recently performed experiments where gold 
NPs were used to investigate fundamental physical prob- 
lems related to classical and quantum oscillators close to 
neutral bodies or interacting with each others [2^, Hl[ . 

Metal NPs, specifically gold and silver, have been stud- 
ied under tight illumination and their plasmon-polariton 
spectra have been discussed for different focusing angles 
both in the near- and far-field regimes [3J. It was shown 
that higher-order modes are not excited when the in- 



cident light is tightly focused. On the other hand, it 
turns out that the scattering efficiency at the dipolar res- 
onance is close to the value for plane-wave illumination. 
This quantity is the ratio between the scattering cross 
section and the cross sectional area of the NP and com- 
pares the electromagnetic size with the geometrical size 
of the NP [19( . Because in a tight focus the intensity is 
strongly position and polarization dependent, it is more 
instructive to adopt another definition for the scattering 
efficiency, namely the scattered power divided by the in- 
cident power P, [22j ■ This quantity, which we call scatter- 
ing ratio, is relevant because, as we will see, it is directly 
related to the transmission of light through the NP and 
can be compared with the result for a point-like oscillat- 
ing dipole. Furthermore, it provides information on the 
detection limits of very small NPs and on the efficiency 
of light absorption. For instance, since the background 
noise is proportional to the incident power, increasing the 
scattering ratio leads to a better signal. 

In this paper we want to focus our attention on the 
dipolar resonance and see how well metal NPs behave 
as point-like dipolar radiators. Moreover, by computing 
transmission and reflection we explore the detection lim- 
its for very small NPs and investigate their potential as 
light absorbers. While these topics belong to the basics 
of light scattering [lj|, the treatment of tightly focused 
light and power ratios in place of cross sections addresses 
questions of current interest. 



RESULTS AND DISCUSSION 
Generalized Mie theory 

The problem we want to tackle is a nano-object illu- 
minated by a plane wavepolarized along x and focused 
by an aplanatic system [J [23| as shown in the inset 
of Fig. [TJ The focused beam can be expressed using the 
multipole expansion 
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where I runs from 1 to infinity, and N^], are re- 

spectively the transverse magnetic and transverse electric 
multipoles according to the notation of Ref. [3] . Ai are 
the expansion coefficients 0, 01 



(-i) l E kf 
a{6) 



21 + 1 
2/ 2 (Z + f) 2 
Pi (cos 9) 



(2) 



dP^cosf 
d9~ 



sin0d0, 



where Eq is the amplitude of the incident electric field, 
/ is the focal length of the lens, k is the wavevector and 
a(9) = V cos 9 is the apodization function for an aplanatic 
system [23|. Note that the focusing angle a is the only 
parameter that dictates the relative weight 

In the next step a sphere is placed at the focus. The 
scattered field E sca can be found by matching the bound- 
ary conditions at its surface 
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where ai and bi are the Mie coefficients 0, [7J| . As soon 
as the incident and scattered fields are determined, the 
scattered power (P SC a) and the sum of scattered and ab- 
sorbed powers (P s + a ) are calculated by respectively in- 
tegrating the Poynting vectors of the scattered field and 
of the interference term over the entire space. Using the 
properties of multipoles, analytical expressions for P sca 
and P s +a are found to be Q 
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where Z is the impedance in the background medium. 
Note that Eq. ([5]) is the textbook formula for the extinc- 
tion [lil , but P s + a does not represent the power removed 
from the incident beam in a transmission experiment, 
because for focused illumination the optical theorem is 
not valid [25j . We discuss this point in Sec. , where we 
consider the problem of transmission and reflection. The 
absorbed power is defined as usual by P a b s = P s + a — Psca- 



Scattering and absorption ratios 

Contrary to a plane wave, a beam carries a finite 
amount of power. Thus, we can quantify the response 
of our nano-object by considering the scattering (/C sca ) 
and absorption (/C a b s ) ratios that are defined by dividing 
P sca and P a bs respectively by the total incident power 

Pnc [3, SI, 
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where Ej nc is taken in the far field at / and n is the unit 
vector normal to the spherical wave- front. For complete- 
ness, we also define the quantity /C s+a = P s+a /Pi nc . We 
focus our attention on silver and gold NPs because they 
exhibit a strong resonant behavior in the visible spec- 
tral range. The NPs are in a homogeneous background 
medium with index of refraction = 1.3 (immersion in 
water). 

Figure Q] displays /C s + a , /C sca and K a b s for a 100 nm 
silver NP for different focusing angles. Tighter focus- 
ing has two major effects. First, the efficiency increases 
and reaches the maximum value for a = 90°. Second, a 
stronger focus reduces the coupling to higher order mul- 
tipoles because they have a small contribution in the in- 
cident field [3j. As a consequence, /C a b s decreases at the 
quadrupole (Q) resonance if a increases. The fact that 
/C s + a and /C sca can exceed 1 does not violate the conser- 
vation of energy since P sca and P s+a contribute to the 
energy balance with opposite signs [1 91 ] and their sum 
never exceeds p nc [l|. 

A small metal NP is often treated using a dipolar po- 
larizability 
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where a is the NP electrostatic polarizability mil. 
Equation |J7J| shows that cunp approaches the value of 
a classical oscillator on resonance 0, [27| only if a ^> 
6w/k 3 . This occurs if the absorption losses are negligible 
with respect to radiation, irrespective of the magnitude 
of a , or if a is large because of the NP size. In the first 
case, the losses can be reduced by choosing the material 
composing the NP, or by changing the background in- 
dex and the NP shape to shift the resonance [l9( . In the 
second case, the size of the NP cannot be too large be- 
cause higher-order resonances begin to spectrally overlap 
with the dipolar one and depolarization effects become 
stronger [191 ]. Thus, the interesting question that arises 
is: when do a NP and an oscillating dipole behave in a 
similar way under tight illumination? 

The dashed-dotted lines in Fig. []Ja) and HJb) show 
/C sca of a resonant point-like dipole for the focusing angle 
a = 90°. Also in this case, /C sca , which we call /Cdp for a 
point-like dipole, is a function of a and reads 
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This value is independent of the dipole resonant wave- 
length and for a = 90° reaches the maximum value of 
/C dp ^ 1.707 Q. As depicted in Figure E^b), a 100 nm 
silver NP in water exhibits a /C S ca very close to /Cdp on 
its dipole resonance. It could also be seen that a 100 
nm gold NP does not approach the scattering ratio of a 
perfect radiator as well, because of the higher material 
losses. 
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FIG. 1: (a) Scattering plus absorption /C s + a , (b) scattering 
/Caca and (c) absorption A^ a b s ratios for a 100 nm silver NP 
in water (rib = 1.3) under a focused plane wave for different 
focusing angles a. The collection angle is /3 = 180°. The 
dashed-dotted lines in (a) and (b) refer to /C SC a for a reso- 
nant point-like oscillating dipole for a = 90° [5J. The vertical 
dashed lines mark the dipole (D) and quadrupole (Q) reso- 
nances. /Cabs is multiplied by a factor of 5 for clarity. The 
inset in (c) shows a NP in a focused beam, indicating the 
focusing angle a, the collection angle /3, and the optical axis 



Transmission, reflection and absorption 

The scattering /C sca and absorption /C a b s ratios deter- 
mine the conversion of the incident power into the corre- 



sponding quantities. Nevertheless, they give no infor- 
mation about the directionality of the scattered field. 
By investigating the transmission and reflection of a 
beam interacting with a nano-object a better under- 
standing of the process is obtained. The simplest and 
most commonly discussed case is that of a plane incident 
19L 27|] ■ If the power is only collected along the z 



wave 



axis, the transmission is expressed as 
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where / and Ji nc are the transmitted and incident inten- 
sities, respectively. A is the beam cross sectional area, 
and a is a cross section. The ratio a/ A in Eq. ([9]) rep- 
resents the fraction of the power extinguished from the 
incident beam. In the context of the optical theorem, 
a results from the interference term in Eq. (|5|), which is 
thus referred to as the "extinction" cross section. How- 
ever, if the off-axis collection is included, a fraction of the 
scattered power must be added to Eq. (J9]) fl9l ] . 

For focused illumination the intensity is not homo- 
geneous and the optical theorem no longer holds [2^ . 
In fact, -P s + a is not all concentrated along the z axis, 
but it covers a range of angles from j3 = 0° to (3 = a. 
Thus, -P s -|- a does not correspond to the power removed 
from the beam in a transmission experiment. For this 
reason, we do not equate P s + a with the extinguished 
power, alth oug h this convention can be found in the lit- 
erature lH, 25| . If the collection angle is extended to the 
forward hemisphere, i.e. = 90°, the transmission (T) 
can be nevertheless formulated in terms of the ratio of 
powers as [l| 
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where P is the transmitted power. 

In the case of a dissipating dipole, absorption also plays 
a major role in the amount of light that gets transmitted 
and the generalized formula for tightly focused beams 
becomes 



T = 1 + -/C sca - /C s+a = 1 - ~/C s . 
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Moreover, scattering and absorption have a different 
weight, because half of the scattered power is added to 
the incident power in the forward direction, while /C s + a 
contributes with a negative sign. Equation (jTTJ) tells us 
that the correct definition of extinction for tight illumi- 
nation, i.e. the fraction of power removed in the forward 
direction, is /C a b s + /C S ca/2. However, when the power 
is collected with an angle j3 < 90° the above expressions 
have a more complicated form [l[. Furthermore, Eq. (jTTJ) 
is not valid for a non-dipolar scattered, because P sca is 
not equally distributed in the forward and backward di- 
rections. Consequently, we compute the transmission 
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through metal NPs by integrating the Poynting vector 
of the total field in the forward hemisphere (/3 = 90°). 
Reflection (R) is given by integrating the Poynting vec- 
tor of the scattered field in the backward hemisphere or 
alternatively by R = 1 — T — /C a b s ■ 
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FIG. 2: Transmission (f3 — 90°) for silver and gold NPs in wa- 
ter (rib = 1-3) under a tightly focused plane wave (a — 90°). 
The dashed-dotted line refers to the transmission for a reso- 
nant point-like oscillating dipole under the same illumination 
conditions [J]. 
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Figure[2]displays the transmission spectrum for various 
metal NPs. We note that a 100 nm silver NP exhibits al- 
most the same transmission dip of a point-like oscillating 
dipole when excited at the dipole resonance. The latter 
is indicated by a dashed-dotted line and corresponds to 
the value given by Eq. (fTT)|) . Indeed, as shown in Fig. [TJ 
because /C sca ~ /Cd P and /C a bs *C /C sca , Eqs. (fTTJ|) and (fiTj) 
shall yield almost the same result. Even if the dip is very 
close to that of a point-like oscillating dipole, the trans- 
mission spectrum of the 100 nm silver NP is not as sim- 
ple as a Lorentzian profile [l[ . The reason is that the NP 
supports a quadrupole resonance around 380 nm and the 
dipol ar p olarizability of the NP includes material disper- 
sion [28j and depolarization effects [26[. In fact, smaller 
silver NPs yield a transmission spectrum that is closer to 
that of a dipolar radiator, but the dip is smaller because 
absorption reduces the strength of the polarizability on 
resonance. For the same reason a 100 nm gold NP yields 
a transmission larger than a perfect radiator. 

On the other hand, larger metal NPs support higher- 
order resonances that spectrally overlap and, for this rea- 
son, exhibit a more complex scattering pattern. More 
precisely, because P sca is not equally distributed in the 
forward and backward directions, Eq. (fTTj) is not valid. 
Indeed, Fig. [2] shows that for a 200 nm silver NP the 
transmission spectrum does not resemble a Lorentzian 
profile and, at the dipolar resonance (A ~ 600 nm), 
the dip is less pronounced than for a 100 nm silver NP 
(A ~ 455 nm) . 



FIG. 3: Transmission, reflection and absorption /Cabs for (a) 
gold and (b) silver NPs in water (rib = 1.3) under a tightly 
focused plane wave (a — 90°) as a function of the NP size. 
The dashed-dotted lines refer to transmission and reflection 
for a resonant point-like oscillating dipole under the same 
illumination conditions 



Discussion 

To better understand how close a metal NP to a point- 
like oscillating dipole is, we consider the transmission dip 
and the reflection peak as a function of the NP radius. 
While for silver NPs the transmission dip and the re- 
flection peak occur at the same wavelength, for gold NP 
there is a small shift due to the fact that the plasmon- 
polariton resonance crosses the onset of interband tran- 
sitions [28|, which gives a rapid increase of losses and 
hence reshapes the transmission profile. Figure [J3a) and 
IBJb) respectively show the results for gold and silver NPs. 
The dashed-dotted lines refer to the maximal reflection 
and transmission for an oscillating dipole [l[. We find 
that a gold NP approaches a dipolar radiator when its 
radius is larger than 80 nm and that above 90 nm the 
transmission dip starts to increase because of the spec- 
tral overlap with higher-order modes. On the contrary, 
a silver NP reaches the properties of an ideal oscillating 
dipole already for radii as small as 40 nm. 

We would like to stress that the transmission dip is not 
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enough to judge how close the NP is to a dipolar radi- 
ator model. That is because the transmission dip con- 
tains also the effect of absorption, as shown in Eq. (fTTj) . 
while the reflection only provides information on scatter- 
ing. Indeed we find that even when the transmission dip 
is close to the limit of a perfect radiator, /C a bs is still sig- 
nificant. It is also interesting to see that for a silver NP 
/C a b s is maximal when the radius is about 20 nm, while 
for gold when the radius is about 45 nm. While it is com- 
monly assumed that very small NPs are light absorbers, 
one has to keep in mind that the efficiency of the process 
goes down (see Fig. [3]). For the purpose of converting a 
certain amount of input power into heat, one sees that 
the highest efficiency is met when scattering is not small. 
In addition, when the NP radius is smaller than about 10 
nm for silver NPs and 30 nm for gold NPs, the detection 
signal is stronger if one measures the transmission dip 
or equally the absorbed power [llj. Indeed, transmission 
and absorption give exactly the same contrast because 
the scattered power is negligible and Eq. becomes 
T = 1 — /Cabs- For instance, for very small diameters 
such as 5 nm, a silver and a gold NP would respectively 
exhibit a contrast of ~ 0.45% and ~ 0.013%. 
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FIG. 4: Transmission, reflection and absorption /C a b s for a 
100 nm silver NP in water (rib = 1-3) under a tightly focused 
plane wave as a function of the focusing angle a. The dashed- 
dotted lines refer to transmission and reflection for a resonant 
point-like oscillating dipole under the same illumination con- 
ditions llJl . 



To further investigate how a metal NP mimics a point- 
like radiator, we focus our attention on a 100 nm silver 
NP and examine the transmission dip and reflection peak 
as a function of the focusing angle. The excitation wave- 
length is fixed to the dipole resonance. Figure 2] compares 
these two quantities with the values obtained for an ideal 
oscillating dipole [l|. The agreement is very good over a 
broad range of focusing angles. The maximum deviation 
of the reflection curves is at a = 90°, where it reaches 
about 6%. This shows that more energy goes into ab- 
sorption when focusing more tightly. 



CONCLUSIONS 

We studied the scattering properties of spherical silver 
and gold NPs illuminated by a tightly focused plane wave 
and compared them with the response of an ideal oscillat- 
ing dipole. We have described this process by introduc- 
ing the scattering, and absorption ratios. These quan- 
tities are different from the well known scattering and 
absorption efficiencies for plane wave illumination [19j | as 
well as those defined for a Gaussian beam [2§| . We have 
also seen that the maximal /C a bs for silver and gold NPs 
respectively occurs for diameters of 40 nm and 90 nm. 
These results are relevant for applications that exploit 
the heating created by the metal NP, such as in cancer 
therapy [3C| , laser ablation and optical data storage [3l[ . 

When the response of the metal NP can be described 
by a dipolar polarizability, Eq. (Ill|) relates the transmis- 
sion to the scattered and absorbed powers. With that 
one can have a quantitative estimate of the signal from 
metal NPs 0, HI 0, EH and also other nano-objects like 
colloidal quantum dots and viruses [l2|, [l8| . 

It was shown that a 100 nm silver NP behaves to a 
very good approximation like a point-like radiator. This 
suggests that such NPs could be used for fundamental ex- 
periments where quantum emitters are replaced by clas- 
sical oscillating dipoles. These include studies on the 
van der Waals-Casimir interactions [2(J, and on the ex- 
tinction properties of emitters [HI]. In the latter case, 
one could investigate improved focusing systems, such as 
directional dipole waves [l| and perform simpler test ex- 
periments at room temperature with metal NPs instead 
of quantum emitters at cryogenic temperatures [l5| . Fur- 
thermore, one could study the coupling of single photons 
to a plasmon-polariton mode [HI with a large efficiency 
at room temperature. Finally, our results may find appli- 
cation also in the area of ultrafast phenomena and coher- 
ent control 33|, 34 1 , where the interaction of the incoming 
beam with the system plays a critical role. 
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